We study two-particle states in a Su-Shrieffer-Heeger (SSH) chain with periodic boundary conditions and nearest-neighbor (NN) interactions. The system is mapped into a problem of a single particle in a two-dimensional (2D) SSH lattice with potential walls along specific edges. The 2D SSH model has a trivial Chern number but a non-trivial Zak's phase, the one-dimensional (1D) topological invariant, along specific directions of the lattice, which allow for the presence of topological edge states. Using center-of-mass and relative coordinates, we calculate the energy spectrum of these two-body states for strong interactions and find that, aside from the expected appearance of doublon bands, two extra in-gap bands are present. These are identified as bands of topological states localized at the edges of the internal coordinate, the relative distance between the two particles. As such, the topological states reported here are intrinsically many-body in what concerns their real space manifestation, having no counterpart in single-particle states derived from effective models. Finally, we compare the effect of Hubbard interactions with that of NN interactions to show how the presence of the topological bound states is specific to the latter case.
I. INTRODUCTION
The interest in the topology of interacting systems has been gradually increasing in recent years. The topological characterization of its many-body states remains, to a large extent, an open problem, given that in the presence of interactions, topologically invariant quantities such as the Berry phase are, in general, ill-defined. There is, however, a numerical approach which relies on the method developed by Niu and Thouless 1 , where one imposes twisted boundary conditions on the many-body wavefunction of the ground state and then averages over all possible ones to recover a well defined Berry phase, γ = nπ, where n can be integer [2] [3] [4] [5] [6] or fractional 7, 8 , depending on the filling factor and model considered.
Two of the simpler ways to study many-body effects, in interacting 1D topological systems, consist of characterizing quasiparticle excitations at half-filling 2,3,9-11 or two-body states [12] [13] [14] [15] . Here we focus on the latter case. Recently it has been shown that interactions can drive the appearance of bands of bound states (doublons), in the energy spectrum as a function of the center-of-mass momentum K [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Such bound states are expected to be experimentally accessible in optical lattices [27] [28] [29] [30] [31] [32] or in the recently proposed topoelectrical circuits 33, 34 . A distinct feature of these doublons is that their wavefunction is localized in the relative distance between its two component particles, which is immune to dissociation for strong interactions due to energy conservation.
In the context of SSH chains with open boundary conditions (OBC), the introduction of a strong Hubbard interaction produces midgap topological doublon edge states, upon application of a gate potential to compensate for a chemical potential shift at the edges 13 . Above a threshold value, this edge potential shift is responsible for an edge locking of bound states [35] [36] [37] . The ability to either enhance or suppress this edge shift plays a crucial role in state transfer of bound states 38, 39 . In a previous paper 40 , we considered instead the effects of NN interactions on two-hole excitations at half-filling. We found some peculiar edge states, classified either as impurity-like, topologically originated (but not protected) or topologically protected in specific subspaces 41 . Here, we extend this previous study to periodic boundary conditions (PBC), but focus on two-electron states (and not two-hole states as before). We show that, in the strong-interaction regime, and besides the expected doublon energy bands, two extra doublon bands appear inside the gaps between the itinerant bands. Their dependence on a finite difference in the value of the alternating hopping constants is a strong indicator of a decisive role being played by the non-trivial topology of the SSH model 42 .
Indeed, we find that the original problem of two spinless fermions with PBC can be reduced, through a series of exact mappings using center-of-mass coordinates, to a one-particle problem in a topological chain with OBC for any K. The open boundaries of the mapped chain arise in the new spatial coordinate considered, the relative distance between the two electrons. For two specific momentum values, K = 0 and K = π, we show how the extra bound states in the energy spectrum can be identified with the topological edge states of the mapped chains. As we will address in more detail below, even though these extra bands of bound states have also appeared recently in Ref. [43] , their topological origin is not discussed there, since they are characterized as analogs of a band of bound states present when on-site interactions are introduced. Here we show, on the other hand, that qualitative different features arise in the bound states as one changes from on-site to NN interactions. More specifically, we explain why these topological bound states are not present with on-site interactions, being instead a distinctive feature of strong NN interactions.
Contrary to the bound edge states in open chains la-beled topological in recent literature 13, 15, 39 , where the bound state is described as a single particle in a topological state of an effective model of the open chain, the topological bound states in interacting SSH rings we report here have no counterpart in single-particle states and, thus, should be differentiated from those mentioned above. The specificity of the topological bound states found here comes from the fact that their localized behavior is not to be found at the edges of the original chain (as it is periodic). Instead, these states are localized in the internal distance between the two particles, while extending spatially over the chain, making them intrinsically many-body states.
The rest of the paper is organized as follows. In Section II, we introduce the model of an SSH ring with NN interactions and its respective mapping into a 2D SSH lattice. In Section III, we study the mapped lattice for K = π and show the existence of topological states in the presence of strong NN interactions. In Section IV, we drop the NN interactions and introduce instead a Hubbard interactions to show that topological states are absent in this latter case. In Section V, we perform the same analyses as in the Section III but now for K = 0, and explicitly show the non-trivial topological nature of the model through the calculation of the Zak's phase. Finally, in Section VI we conclude.
II. THE MODEL AND 2D MAPPING
We consider a spinless SSH model of a periodic chain of N sites with NN interactions, depicted in Fig. 1(a) ,
where l is the site number with N + 1 ≡ 1, t l = t 1 (t 2 ) for l odd (even) are the alternating hopping amplitudes, n l = c † l c l is the number operator, V is the strength of the NN interaction and the intersite spacing was set to a = 1. Throughout the paper, we set t 1 = 1 as the energy unit. The problem of two interacting particles described by the 1D model of (1) can be mapped onto a single-particle problem in a 2D lattice 14, 15, 29, 30, 32, 44, 45 . In our case one arrives at the 2D SSH model of Fig. 1(b) , with one of the particles of the original model placed along the x-axis and the other along the y-axis, so that a single particle in state |x, y represents, in this 2D model, the global state of the two particles. It is convenient to describe this system in new coordinates, using instead the center-of-mass R = x+y 2 and relative r = x−y coordinates, together with the center-of-mass K = k x + k y and relative k = kx−ky 2 momenta 17 . For two non-interacting particles in a finite SSH ring with N sites, one can take advantage of certain symmetries of the states and of their periodicity [that is, |x, y ≡ |x ± iN, y ± jN with (i, j) ∈ N × N] to define a fundamental domain and its boundary conditions in the mapped 2D SSH lattice for each of the three distinct cases: 1) two distinguishable particles (e.g., two opposite spins), 2) two spinless fermions, and 3) two bosons. The results are condensed in Table I , where one sees that the mapped lattice becomes a torus in case 1), with PBC in both the R and r directions, and a cylinder in cases 2) and 3), with PBC in the R direction and OBC in the r direction. In 3), the bosonic case, an additional renormalization of the hoppings constants connecting r = 0 and r = 1 sites is required, as we will show in Section IV.
Distinguishable particles
Spinless fermions
Shape cylinder Table I . Mapping into a 2D SSH lattice for three different two-particle systems of a non-interacting periodic SSH ring with N sites. FD is short for fundamental domain. The identifications discriminate the periodic directions.
The NN interaction with strength V in 1D is translated into a potential wall at the sites along the r = ±1 lines in the 2D SSH model.
Focusing for now on the two spinless fermions case, same site occupation in 1D, that is, r = 0 in 2D, is forbidden (an infinite on-site potential wall due to Pauli's exclusion principle). Since we are considering identical fermions and the two half-planes in Fig. 1(b) are independent of each other, symmetric states with respect to the r = 0 axis are equivalent, and so we use this symmetry to define the fundamental domain of our problem in the lower half-plane (see Table I ). In the extended SSH Bose-Hubbard model, a finite on-site Hubbard interaction U introduces a finite potential wall at r = 0. The interplay between these two types of walls, one for r = 0 due to U and the other for r = ±1 due to V , considerably enriches the two-particle energy spectrum 43 , particularly by the emergence of hybridized bound states.
The red square with points labeled A through H in Fig. 1(b) corresponds to the unit cell of the mapped system that repeats in the r and R directions (the purple square corresponds to the primitive cell, repeating in the x and y directions). This unit cell has double the energy bands (sites) of the primitive cell, which comes as a result of a folding of the Brillouin Zone of the primitive cell. In the new momentum coordinates, the Hamiltonian of the 2D SSH chain, for this choice of unit cell, is given by
Upon diagonalization of this Hamiltonian, one finds the energy spectrum of the system, as depicted in Fig. 2 for t 2 = 0.3t 1 . Information about the topological nature of such 2D lattices is provided by the Chern number, defined for each band as
where
is the Berry connection and |ψ(k) is the eigenstate of the band. In our case, the fact that the 2D SSH model has time-reversal symmetry imposes that F(k) = −F(−k) 46 . Therefore, the integral over the Brillouin zone of this odd function vanishes, and so the Chern number is zero. However, as has been shown in Ref. [47] for a system of weakly coupled SSH chains, a trivial Chern number does not necessarily imply a trivial topological insulator. In this case, by turning on adiabatically the interchain coupling, which changes the system from a series of independent 1D chains to a 2D lattice, the topological nature of the isolated SSH chains is not changed, as it does not depend on the perpendicular direction of the interchain couplings (that is, if the SSH chains are in the topological phase, the existence of the correspondent topological edge states is not affected by turning on the interchain coupling). As such, the 2D SSH model of Fig. 1 (b) can be thought of as stacks of SSH chains with alternate interchain couplings in both the x and y directions. The idea, then, is to carry over the information provided for each direction by the 1D topological invariant, given by Zak's phase, to the 2D lattice under consideration to determine the possible presence of topological states [48] [49] [50] . This method can be straightforwardly generalized to systems of higher dimensionality 51 . Such 2D systems with trivial Chern number but non-trivial Zak's phase along certain 1D edges have also been referred to as weak 2D topological insulators [52] [53] [54] In the context of the 2D SSH model considered here, the presence of topological edge states has been recently linked to a non-trivial 2D Zak's phase 55 (generalization of Zak's phase to 2D lattices). The results we find below are consistent with this finding.
As shown in Table I , a periodic 1D chain with two spinless fermions and finite size, when mapped onto a 2D plane with one particle, unfolds as a strip with open boundaries in the r direction, wrapped periodically in the R direction. This strip, the unit cell of this mapped system, is illustrated for the N = 8 sites case in Fig. 1(c) . Notice that N is always even, with N = 2q and q = 2, 3, ..., since one can only add or remove pairs of t 1 and t 2 hoppings. The complete 2D mapping for this case consists of a number of these strips, given by # strips = q/2, which is integer for q even and half-integer for q odd, forming a periodic cylinder shape around the R direction (spanning over N R values for R, with N R always even, since 0 ≤ R < N 2 and R = x+y 2 varies in half-integer values). One notices that the V potential wall appears now at both ends of the strip. The internal distance between particles, along the r direction, reaches a maximum, r max = q, and then returns to one [see Fig. 1(c) ]. The number of strips and the strip itself increase as N increases, since r max = 2# strips ∝ q or, conversely, since the fundamental domain increases with N in both the R and r directions (see Table I ). If we considered a bosonic system with an interaction U instead of V , the mapped lattice of Fig. 1(c) would become enlarged by the introduction of two extra sites with potential energy U at r = 0 on both ends of the strip. As we will demonstrate below, this enlargement of the strip that occurs when one substitutes V with U plays a crucial role in preventing the appearance of topological bound states in the latter case.
Since K is a good quantum number along the periodic R direction, one can Fourier transform the Hamiltonian of the mapped system in this direction to find its energy dispersion for this case of spinless fermions, shown in Fig. 3 . Aside from the expected doublon bands, asso- 2D mapping of the model of (a) for two spinless fermions and NN interactions, with one particle placed along each axis, r being their internal distance and R the center-of-mass. Sites along the r = ±1 lines have an on-site potential V and the r = 0 line is a forbidden region due to Pauli's exclusion principle. The purple square is the primitive cell and the red square with sites labeled A through H is the unit cell that repeats along the r and R directions. The light green region indicates the mapped periodic strip of the N = 8 SSH ring with two opposite spins and Hubbard interactions studied in Section V. (c) Mapped strip of a finite periodic SSH chain with N = 2q = 8 sites. The complete mapped system consists of q/2 strips wrapped periodically in the R direction. r spans over 1 ≤ r ≤ N −1 = 7 (see Table I ), shown in parenthesis. In the SSH ring, one has r ≡ N − r, which is why it is convenient to span r from 1 to rmax = q and then back to 1, in order to keep the correspondence between problems.
ciated with states localized around the r = 1 sites with on-site potential V (dashed red curves), one sees two additional bands of localized states (solid green curves) between the bands of itinerant states (shaded blue bands, given by a 2D projection of the bands of Fig. 2) . The solid green bands of Fig. 3 correspond to the bands of Figure 2 . Band structure of the 2D SSH model as a function of K and k, the center-of-mass and relative momentum, respectively, for t2 = 0.3t1. The system has a total of eight bands: two around E/t1 = 2, two symmetric ones around E/t1 = −2 and two doubly degenerate bands around E/t1 = 0, with one doubly degenerate band with E/t1 ≥ 0 and another one with E/t1 ≤ 0. Fig. 2(b) of Ref. [43] , for the set of parameters used there. If we isolate the 1D Hamiltonian of the strip [which is an edge Hamiltonian obtained by cutting the bulk Hamiltonian of the 2D SSH lattice along the r direction 56 , with the unit cell considered in Fig. 1(b) ], we can calculate the Zak's phase for each K value from the bulk properties of the strip as
where |u n (k, K) is the eigenstate of band n, "occ" defines the set of occupied bands and γ(K) is defined up to mod 2π. To highlight the topological nature of the in-gap states of Fig. 3 , we will follow the following strategy: i) first, we Fourier transform the Hamiltonian of the strip in the R direction to get the 1D chain with K-dependent hoppings given in Fig. 4(a) , ii) second, we consider the two inversion invariant center-of-mass momenta, K = 0, π, for which Zak's phase is π-quantized 57 , and show how, for each of these momenta, the strip maps into a 1D topological system that harbors topological edge states for the set of (t 2 , V ) values considered.
For K = π in the spinless fermions case, the Kdependence present in some of the inter-leg hoppings Figure 3 . Energy spectrum of a strip, for the case of two spinless fermions, as a function of the center-of-mass momentum in the continuum limit with parameters (t2, V ) = t1(0.3, 5). Shaded blue regions correspond to the itinerant bands, given by a 2D projection of the bands of Fig. 2 , dashed red curves are doublon bands localized around r = 1, that is, at the edge sites of the strip with on-site potential V , and solid green curves correspond to the bands of topological doublon edge states. Vertical lines indicate the energy levels for the two inversion invariant center-of-mass momenta, at K = 0, π. The red dot at the upper topological band at K = π indicates the state represented in Fig. 4(c) for a finite strip with N = 10.
translates into a minus sign (a π flux across these hoppings). The basis of the two-leg ladder of Fig. 4(a) , under PBC, is given by ({|α i }), where α runs from A to H and i is the unit cell index. An appropriate rotation in this basis, given by the following symmetric and anti-symmetric combinations,
transforms the two-leg ladder into a system of two decoupled linear chains labeled "chain +" and "chain -", shown in Fig. 4(b) . These linear chains correspond to two different choices for the unit cell in the t 1 t 1 t 2 t 2 model that we have recently studied 58 . We showed there how, due to the fact that the two possible inversion axes in each unit cell are never at its center [see Fig. 4(b) ], a correction term has to be added to (4) in order to recover a π-quantized Zak's phase 51 . The general expression for
Chain - (5) and (6), the two-leg ladder is decomposed, for K = π, in two decoupled chains with renormalized hopping constants. (c) Spatial distribution of the topological bound state in the mapped two-leg ladder and "chain +" of the original periodic SSH chain with N = 10 sites and K = π for the case of spinless fermions, with energy given by the red dot in Fig. 3 and for the same parameters considered there. The orange hoppings have a minus sign (corresponding to a π phase across these hoppings). In each site, radius size and color indicate the relative amplitude of occupation and phase, respectively. A degenerate topological state is present at the right end of the two-leg ladder, that is, at the right end of "chain -". the Zak's phase has the form
for m > 0,
for m < 0,
where m = 0, ±1, ..., ±M , with M being the number of sites in the unit cell, indicates the displacement of the inversion axis, given by r m = a(
, from the center of the unit cell, while u n,j (k, K), with j = 1, 2, ..., M , represents the j-component of |u n (k, K) . Using (7), the t 1 t 1 t 2 t 2 model was shown be a topological insulator in Ref. [58] .
When t 1 > t 2 , as we assume here, in an open t 1 t 1 t 2 t 2 chain, topological states are present at the ends where the end hopping is t 1 , followed by a t 2 hopping [for example, in "chain +" of Fig. 4(b) , when the left end coincides with a + 1 site]. However, one should remember that our original open system, aside from having the bulk form described by the two-leg ladder of Fig. 4(a) , is also terminated on both ends by two sites with on-site potential V [see Fig. 1(c) ], with each of them subsequently becoming the edge site of either "chain +" or "chain -". The full system, with these edge sites included, has the general form of Fig. 4(c) , where the two-leg ladder and the "chain +" are depicted for the case of N = 10, along with the spatial distribution of the topological state of higher energy (red dot in Fig. 3 ) correspondent to "chain +" (there is a degenerate state at the right edge of "chain -").
In the SSH model, an edge potential was shown to reverse the dimerization above a critical strength 14, 40, 59, 60 , by effectively separating the edge site from the rest of the chain. In our t 1 t 1 t 2 t 2 model, the effect of the edge potential is similar. For example, at the left edge of the "chain +" in Fig. 4(c) , the strong potential (V = 5t 1 ) isolates the edge site at r=1, and the inner chain effectively starts at r = 2, that is, the edge hopping of this inner chain is t 1 followed by a t 2 hopping, which is the condition for the presence of topological states for t 1 > t 2 , as mentioned above. Furthermore, without the NN interaction V , the topological states would not be present for any periodic chain of size N . This becomes clear if one considers that: 1) for any N , both "chain +" and "chain -" always have pairs of hoppings of the same type at each end, as exemplified in the "chain +" for N = 10 in Fig. 4(c) ; 2) since N is even, to increase or decrease N always involves the creation or destruction of pairs of hoppings of the same type at the ends of these chains; and 3) a sufficiently strong edge potential V is therefore required to effectively isolate a t 1 hopping at specific edges of the inner chains, thus allowing for the presence of topological states.
IV. HUBBARD INTERACTION FOR K = π
We consider now the effects of dropping the V term and introducing instead a Hubbard interaction U in the Hamiltonian of (1), which translates as an on-site potential at the sites across the r = 0 diagonal in Fig. 1(b) . There are two distinct cases that have to be considered separately: i) the case of two distinguishable particles (we consider two opposite spins), and ii) the case of two identical bosons. The Hubbard term that substitutes the NN interaction term in the Hamiltonian of (1) is H U = U l n l↑ n l↓ for the former case (with the corresponding introduction of a spin index in the hopping term) and H U = U 2 l n l (n l − 1) for the latter case. When we consider a system of two opposite spins, the full 2D mapping produces a lattice periodic in both the r and R directions with the shape of a torus (see Table I ).
Instead of an open strip in the r direction, as in Fig. 1(c) , one has now a periodic strip, as shown for the N = 8 case in the light green region of Fig. 1(b) , where the ends of this region are connected. Upon Fourier transforming the respective Tight-binding Hamiltonian of this strip in the R direction, as before, one arrives at the Hamiltonian of the two-leg ladder with PBC of Fig. 5(a) for K = π. The effect of large interactions, U t i , is to cut this ladder along both r = 0 lines to produce an effective system of four decoupled sites with energy of the order of U and two equivalent two-leg ladders with OBC at both ends. An equivalent basis rotation to that of (5) and (6) transforms again each of these decoupled two-leg ladders into the "chain +" and "chain -" of Fig. 5(b) without the yellow end sites (the inner chains with the blue sites only). Given that both "chain +" and "chain -" always have pairs of consecutive hoppings of the same type at each end, there can be no topological bound states in this case, for the reasons explained above. Figure 5 . Mapping of a finite periodic SSH chain with N = 8, Hubbard interaction U and K = π for: (a) states of two opposite spins, which becomes a strip with PBC, and top of (b) two-boson states, which becomes a strip with OBC, where the thicker edge hopping constants have an extra factor of √ 2. Orange hopping constants have a minus sign. We distinguish between regions a and b to facilitate site indexation. Under the basis rotation given by (5) and (6), the strip in (b) separates into "chain +" and "chain -", with t i = √ 2ti
Let us consider now a system of two identical bosons for K = π. For a general K, it is convenient to write the states of the two-leg ladder of Fig. 5(a) as
where u = a, b denotes the correspondent r region in Fig. 5(a) , R = 1, 2, ..., N R , N R = N R /2 is the number of different R values and β = t(b) gives the corresponding site at the top (bottom) leg of the ladder. The symmetrized bosonic states have the form
In the basis of these bosonic states, the system becomes once more an open two-leg ladder, shown at the top of Fig. 5(b) for K = π. Notice that the edge hoppings are renormalized, with an extra √ 2 factor, reflecting the fact that states |K, 0 u , β are already symmetrized. For the r u = 0 sites at the top leg of Fig. 5(a) , the Tight-binding equation is written as
with equivalent relations holding for the sites of the bottom leg at r u = 0. Performing the basis rotation given by (5) and (6) for this case of two identical bosons, one arrives at the "chain +" and "chain -" of Fig. 5(b) with √ 2t i hoppings at the edges. The reasons which justify the absence of topological bound states in this bosonic case are not the same for the U → ∞ and U = 0 regimes. Similarly to the opposite spins case, when U → ∞ the edge sites of "chain +" and "chain -" become decoupled and the pairs of consecutive hoppings of the same type at the edges of the the inner chains prevent the appearance of the topological states.
When U = 0, the problem becomes one of two noninteracting bosons. Let us consider "chain -" for the case of N = 8 shown in Fig. 5(b) , which has isolated √ 2t 1 hopping constants at the edges. We have seen that the condition for the existence of topological bound states is to have isolated t 1 hopping constants at one or both edges, for t 1 > t 2 (t 1 > t 2 ), as we have assumed throughout the paper. However, the effect of the √ 2 factor at the edges has to be taken into account, as it is responsible for driving the energy of the topological states out of the gaps and into the energy bands, where they vanish. This can be better understood if one considers the fully dimerized limit of t 1 > 0 and t 2 = 0 on the "chain -" of Fig. 5(b) . The Hamiltonian describing the two sites at each edge is H edge = √ 2t 1 σ x , where σ x is the first Pauli matrix, with eigenenergies E edge,± = ± √ 2t 1 . In the bulk, we have decoupled sites (at r u = 2) with E = 0 and three sites connected by a pair of t 1 hopping constants (at r u = 3 and r a = 4). In the basis spanned by the states {|r a = 3 , |r a = 4 , |r b = 3 }, this bulk Hamiltonian is written as
with eigenenergies E bulk,0 = 0 and E bulk,± = ± √ 2t 1 . One sees that the extra √ 2 at the edge hoppings is precisely the only factor for which edge and bulk energies coincide, i.e., E edge,± = E bulk,± , and so the edge states vanish as the bulk bands broaden with the introduction of a finite t 2 . Note that this absence of topological bound states for U = 0 comes purely as a consequence of BoseEinstein statistics. One way to circumvent this limitation would be to introduce r-modulated hopping constants, t 1 (r) = t 1,r↔r+1 , with r ≥ 0, such that t 1 (0) = t 1 (r) = t 1 for r > 0. Although it is not clear how this modulation could be experimentally realized, its implementation should in principle drive the appearance of topological bound states in this non-interacting regime.
Returning to the case of spinless fermions with NN interactions, when K = 0 the hopping constants of the two-leg ladder in Fig. 4(a) all have the same sign. If we perform the same basis rotation as before, given by (5) and (6) , the bulk unit cell of our system becomes a diamond chain plus two decoupled sites, as depicted in Fig. 6(a) . The two inversion axes of the diamond chain (about the plus sites) are not at the center of the unit cell, as was the case with the t 1 t 1 t 2 t 2 model for K = π. This model of the diamond chain is peculiar, since it is topologically non-trivial for both dimerizations and has topological edge states regardless of the unit cell considered (for an open chain with an integer number of unit cells). Looking at the unit cell of the diamond chain in Fig. 6(a) , one sees that a reversal in the dimerization is equivalent to a vertical flip (π-rotation) of the unit cell, which does not affect the topological structure of the model since all possible edge configurations for the case of OBC are equivalent under a dimerization reversal. Additionally, this equivalence between dimerizations further translates into a topological equivalence between all four possible choices of unit cell.
The energy spectrum of the periodic diamond chain is shown in Fig. 6(b) . The Zak's phase calculated according to (7) is indicated for each dispersive band and for each inversion axis. As explained above, the effect of changing from one inversion axis to the other, in the calculation of the Zak's phase, is equivalent to a dimerization reversal for a fixed inversion axis. Therefore one sees that, regardless of the dimerization considered, an open diamond chain with an integer number of unit cells is always topologically non-trivial for a midgap Fermi level, as the total Zak's phase of the two lowest energy bands is π and the flat bands have the same Zak's phase 61 . In this diamond chain, there is one topological state in each gap localized at the edges that end with a single site [either a + 1 or a + 2 site in Fig. 4(b) ]. For any N in our original problem, the mapped diamond chain ends with two sites at both edges (either C and D or G and H sites) with on-site potential V [as can be checked by mapping the N = 8 case of Fig. 1(c) into the diamond chain] , that is, the number of unit cells is fractional. Using the reasoning followed before for K = π, the effect of a strong V is to isolate the edge sites, making the chain effectively end with single sites at both inner edges, which is the condition for the presence of topological edge states. This way, doubly degenerate topological states appear with energies inside each of the gaps in Fig. 6(b) (see the topological in-gap energy levels for K = 0 in Fig. 3 ).
The absence of topological bound states for K = 0, when one drops the NN interaction term and considers instead Hubbard interactions, follows from the same arguments exposed in Section IV for K = π both for the opposite spins and bosonic cases, that is, when U → ∞ the terminations of the longer inner diamond chain do not support edge states and, when U = 0 (the noninteracting bosonic case), the renormalization of the edge hopping constants is responsible for driving the energy of the edge states into the bulk energy bands.
VI. CONCLUSIONS
In this paper we have studied two-particle states in periodic Su-Schrieffer-Heeger chains with nearest-neighbor and Hubbard interactions. This problem of two particles in a one-dimensional system was mapped into a problem of a single particle in a two dimensional lattice. In the limit of strong nearest-neighbor interactions, for the case of two spinless fermions, the energy spectrum as a function of the center-of-mass momentum was found to have, apart from the expected energy bands of doublon states, two extra in-gap energy bands of localized states, absent when the nearest-neighbor interaction is either suppressed or substituted with a Hubbard interaction for the cases of opposite spins or identical bosons. The states of these extra bands were identified as two-body topological states that exhibit localized behavior at the edges of the internal coordinate, namely the distance between the two particles, while retaining an extended behavior over the external spatial coordinate of the periodic chain. Since this internal coordinate is specific to many-body systems, these topological bound states are truly many-body, in the sense that they have no single-particle counterpart.
Optical lattices appear as natural candidates for the observation of the topological bound states described here. Upon loading two ultracold bosonic atoms into an optical lattice with tunable hopping constants t i and repulsive on-site interaction U , the experimental creation and manipulation of bound states in this Bose-Hubbard model has been realized 27, 31, 32 . To detect these topological bound states, the introduction of a nearest-neighbor interaction term V in an optical lattice loaded with either bosonic or fermionic atoms is required 62 , which has proven to be experimentally more challenging than the introduction of the U term. Additionally, one has to be in the V t 1 , t 2 limit for any of the two-particle systems considered in this paper (spinless fermions, opposite spins and identical bosons, with arbitrary values for U in the two latter cases). The implementation of the extended Hubbard model on an optical lattice, with both on-site and off-site (in particular nearest-neighbor) interactions, has been achieved recently 63 , which strongly suggests the possibility of a near future detection of the topological bound states studied in this paper.
